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We investigate exact symmetries of a staggered fermion in D dimensions. The Dirac operator is reformulated
by SO(2D) Clifford algebra. The chiral symmetry, rotational invariance and parity symmetries are clarified in
any dimension. Local scalar and pseudo-scalar modes are definitely determined, in which we find non-standard
modes. The relation to Ichimatsu-patterned lattice approach is discussed.
1. INTRODUCTION
When we consider super Yang-Mills theory on
a lattice, gauge fields are put on links and fermi
fields are put on sites on the staggered way [1,2].
The staggered fermion is formulated for the pur-
pose of solving doubling phenomena in lattice
fermion[3,4]. Although the number of doubling
is translated into that of flavor, it is not clear
whether each flavor is a spinor or not. Discrete
space-time symmetries such as P, C of the fermion
have not been defined. Specially, for the chi-
ral symmetry, nobody answers why there exist
a mass-protect symmetry for odd dimensions and
what is the symmetry.
In this talk, we present the new formulation of
a staggered fermion based on cell’s idea in our
Ichimatsu-patterned lattice and SO(2D) Clifford
algebra in a D-dimensional lattice. The trans-
formation of a staggered fermion for the space-
time rotation is clarified. The associated symme-
tries(chiral and parity) are also investigated for
the staggered fermion. The bi-linear operators for
scalar and pseudo-scalar modes are found owing
to the rotational transformation. Further details
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will be presented in [5].
2. FORMULATION
A staggered fermion, ξn, has been formulated
by putting a Grassmann variable on a site, n.
For fermion, we need to obtain the spinorization
for the staggered Grassmann variable. Usually, a
sign factor,
ηµ(n) = (−1)
∑
ν<µ
nν , (1)
appears in the staggered fermion[6,7]. But
the validity is held only when the spinor has
2
D
2 -components on a D-dimensional lattice. It
must be shown that single component staggered
fermion is reconstructed as the Dirac spinor.
The factor is defined on a link, (n, µ) on the lat-
tice and has a property of modulo-2 translational
invariance,
ηµ(n+ 2νˆ) = ηµ(n). (2)
This means a just Ichimatsu-pattern[1,2]. See
Fig. 1. In the pattern, a minimal unit is so-called
a cell, i.e. a fundamental lattice and its coordi-
nates, (N, r), are expressed as
nµ = rµ + 2Nµ. (3)
where rµ has only value of 0 or 1 and Nµ im-
plies the position of the cell with double lattice
constant 2a.
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Fig. 1. Ichimatsu-patterned lattice in two dimen-
sions.
We define a ’fundamental’ spinor on a cell,
ψr(N) ≡ ξr+2N , ψ¯r(N) ≡ ξ¯r+2N . (4)
The staggered Dirac operator is written as
Dst(n, n
′) =
∑
µ
ηµ(n)
δn,n′+µˆUn,µ − δn,n′−µˆU
†
n,µ
2a
=
∑
µ,~ε
(Γµ,~ε)r,r′(dµ,~ε)N,N ′, (5)
where dµ,~ε is a generalized difference operator de-
fined as
dµ,~ε ≡
1
2D
∑
~σ
(−1)~ε·~σ∇~σµ, (6)
and ∇~σµ is a backward difference operator along
µ-direction at the place, 2N + ~σ. The coefficient
matrices in eq. (5),
(Γµ,~ε) ≡ ((σ3
ε1 ⊗ · · · ⊗ σ3
εD )
×(σ3 ⊗ · · · ⊗ σ3⊗
µ
σ1 ⊗1⊗ · · · ⊗ 1)), (7)
are base of SO(2D) Clifford algebra, γµ = Γµ,~0
and γ˜µ = −iΓµ,~eµ , and their odd products. Note
that ~ε and ~σ are bit-valued D-dimensional vectors
whose components are only 0 or 1. ~eµ is a unit
vector along µ-direction.
3. SYMMETRIES IN A STAGGERED
FERMION
3.1. Chiral symmetry
For the staggered fermion, we can consider the
exact chiral symmetry,
ψ′ = exp(iθΓ2D+1)ψ, ψ¯
′ = ψ¯ exp(iθΓ2D+1).
Under the transformation, it can be shown that
our Dirac action is invariant by the following re-
lation,
{Γ2D+1,Γµ,~ε} = 0,
where
(Γ2D+1)(r,r′) ≡ (−i)
D(γ1γ˜1 · · · γDγ˜D)(r,r′)
= (−1)|r|δr,r′. (8)
This is equivalent to a well-known even-odd trans-
formation,
ξ′n = (−1)
|n|, ξ¯′n = −(−1)
|n|ξ¯n, (9)
and explains why there exists a mass-protect
symmetry in a staggered fermion on an odd-
dimensional lattice because 2D is always even.
3.2. Rotation
For cubic lattice, we can rotate by the angle
π/2 with respect to µν-plane as
Rµν [ψ(N)] = aµνψ(Rµν [N ]),
Rµν [ψ¯(N)] = ψ¯(Rµν [N ])a
†
µν , (10)
where the prefactor of ψ,
aµν ≡
i
2
Γ2D+1(γ˜µ − γ˜ν)(1 + γµγν), (11)
is determined by the invariance of our Dirac ac-
tion and the discrete rotation for a vector is
(Rµν [N ])ρ =


Nρ ρ 6= µ, ν
−Nν ρ = µ
Nµ ρ = ν.
(12)
The character of this rotation is that γµ is trans-
formed as a vector,
aµνγρa
†
µν =


γρ, ρ 6= µ, ν
−γν , ρ = µ
γµ, ρ = ν,
(13)
but γ˜µ is done under permutation,
aµν γ˜ρa
†
µν =


γ˜ρ, ρ 6= µ, ν
γ˜ν , ρ = µ
γ˜µ, ρ = ν.
(14)
33.3. Parity
For the odd-dimensional space, a usual parity
transformation does not imply disconnected one.
Instead, to discuss general dimensions, we adopt
µ-directional reflection,
Pµ[ψ(N)] = Γ2D+1γµψ(Pµ[N ]),
Pµ[ψ¯(N)] = ψ¯(Pµ[N ])γµΓ2D+1, (15)
where
(Pµ[N ])ρ =
{
Nρ ρ 6= µ
−Nµ ρ = µ.
(16)
It is noted that under the transformation, (14),
our action is invariant.
3.4. Scalar and pseudo-scalar modes
Local meson operators are defined as
ψ¯r(N)Γr,r′ψr′(N). (17)
We concentrate on scalar and pseudo-scalar
modes. As discussion of sect. 3.2 and 3.3, only
two scalar meson operators,
M1 = ψ¯r(N)δr,r′ψr′(N), (18)
and
M2 = ψ¯r(N)(
D∑
µ
γ˜µ)r,r′ψr′(N), (19)
are permitted. For pseudo-scalar meson opera-
tors, we find only the following two modes,
M3 = ψ¯r(N)(γ1γ2 · · · γD)r,r′ψr′(N), (20)
and
M4 = ψ¯r(N)(γ1γ2 · · · γD
D∑
µ
γ˜µ)r,r′ψr′(N). (21)
4. DISCUSSIONS
On a D-dimensional cubic lattice, a naive dis-
cretized fermion has 2D − 1 doublers per one
mode. The number of sites in a cell just corre-
sponds to that of an original mode plus doublers
which is exactly dimension of irreducible repre-
sentation of SO(2D) Clifford algebra. It leads to
uniqueness of rotational, chiral and parity trans-
formations.
For our staggered Dirac spinor, we should for-
mulate the fermion gauge-covariantly. It is for-
mally possible if one connects the site of the
fermion with the origin of the cell by a product
of some link variables.
Although we find only symmetric charge con-
jugation matrices, C, we can show the invariance
under C, PT, CPT. That means that our stag-
gered fermion is a vector theory.
By using our formulation, we find an scalar
mode and a pseudo-scalar one in addition to well-
known scalar and pseudo-scalar modes. With
a bare mass, operators are mixed between two
scalar modes and between pseudo-scalar ones.
To get the lowest meson mass, the mixing ef-
fect should be solved before taking the continuum
limit. In a cell, we may write down scalar modes
by link variables. Our first clue to supersymmet-
ric extention is the yukawa coupling term. From
the discussion in sect. 3 and the charge conjuga-
tion matrix, we have only one mode for the scalar
in our action with nearest neighbor interactions.
Exceptionally, for D=2 case, there are two candi-
dates. Further investigation is expected.
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